where G is a bounded domain in RN.
As in many non-linear problems, the method of solution is non-constructional and is based on the study of topological invariant appropriate to the problem. The invariant used here is the notion of category of a set due to Ljusternik and Schnirelmann. (cf. J. Schwartz [23] ). In 1937-8, Ljusternik [17, 18] applied these methods to eigenvalue problems for second order ordinary differential equations.
The class of operators considered in our study is a non-linear generalization of a bounded self-adjoint operator, namely the class of abstract variational operators. The [15] ).
In PART II the non-linear elliptic partial differential operators of order 21n, analogous to the abstract operators of PART I, are defined and inve-0 stigated. The appropriate Sobolev space is chosen by the order of growth of the non-linear operator A. Thus if A is linear, the appropriate 0 Sobolev space in our study is the Hilbert space 1V:'; (G). This part of our work should be read in conjunction with Vishik [25] where many interesting and difficult examples are considered. See also a paper of Meyers and Serrin [27] . PART [20] , by considering their zeros on the fundamental interval [a, b] .
The construction of higher order eigenfunctions is taken up in PART IV. The basic topological results on category are sketched and for the first time the assumption of oddness on the variational operators A and B plays a critical role. The asymptotic behavior of the eigenvalues (In) is also proved by topological arguments.
The present paper concludes with the example of PART V. Due to the lack of a principle of superposition we cannot expect non-linear eigenvalue problems to play the same role as in linear problems. Nonetheless nonlinear eigenvalue problems arise in such diverse fields as the deformation of Riemannian structures in differential geometry, Reynolds number problems in steady-state viscous fluid flow, the Hartee-Fock approach to Schrodinger's equation for many particle systems, vibrations of heavy strings, rods and plates, non-linear programming and the utility theory of mathematical economics to mention only a few.
Fine surveys of the extensive previous studies in non-linear eigenvalue problems are to be found in the articles of L. Rall [21] and C. L. Dolph and G. J. Minty [8] and the bibliographies of the books of Vainberg [24] , Krasnoselskii [11] and El'sgol'c [9] .
Eingenvalue problems for non-linear elliptic partial differential equations have been studied by the author in [1] , [2] , [3] , and [4] , F. E. Browder [5] and [6] and N. Levinson [14] . The present work contains extensive generalizations of the research announcement [4] , and Browder [6] . [9] ). The present study combines elements of each approach mentioned above. is homotopic to the identity catx (1' (A)) ~ catx A Let P'~ be a n-dimensional real projective space. Pn can be regarded as obtained by identifying antipodal points of the sphere Schnirelmann [22] proved catplt pm = n + 1. Furthermore catrn P~n = m + 1 (where i)t n). This last result has been generalized by Citlanadze [7] as follows: if X and Y are projective spaces X C y then catx A = caty A. [10] .
(The heavy rotating string). In [10] I. Kolodner made a complete study of the two-point boundary value problem By considering the liuearized form of (1), namely 579 Kolodner was able to give an elegant description of the spectrum of (1).
The eigenvalues of (2), Ån, form a discrete sequence of positive numbers increasing to 0o with n. The eigenvalues of (1) [30] .
V.4. Non-linear Eigenvalue Problems of Non-Yariational Type.
In the introduction of her book [13] [4] . A problem of non-variational type arising in fluid mechanics is known as Taylor instability cf. Velte [29] and Cole [28] . [12] ).
2) Hartee-Fock Approximation for Schrodinger's equation with many particle systems (cf. Messiah [19] and Bethe [31] ).
Both of these problems will be studied in subsequent papers.
